The thermodynamics of the one and two dimensional sine-Gordon fields which include the natural misfit f.L are investigated by transforming into a Coulomb gas system. For the one dimensional field we try two formulations; one is in terms of T-tL ensemble and the other is in terms of T-(j) ensemble, where (jJ is the total phase difference. We get the free energy of the same form for the Coulomb gas system as that obtained by the transfer matrix technique. It is shown that in the T-(]J ensemble we cannot take the thermodynamic limit in obtaining the interaction energy of a Coulomb gas system. For the two dimensional field we discuss the second order commensurate-incommensur ate phase transition in terms of the T-tL ensemble at a particular temperature. Two correlation functions which are related to the displacement and the density of the atoms are calculated explicitly. § 1. Introduction Recently there has been a great interest in the commensurate-incomme nsurate (C-IC) phase transition in various solid state systems, for example, adsorbed monolayers on solid surfaces, 1 l charge density wave (CDW) systems such as quasi-one dimensional organic conductors 2 l or layered compounds. 3 l These systems can be characterized by two natural lengths, a natural distance between atoms in the absence of an external potential and a period of the external potential. There is competition between forces that attempt to establish different natural lengths.
Recently there has been a great interest in the commensurate-incomme nsurate (C-IC) phase transition in various solid state systems, for example, adsorbed monolayers on solid surfaces, 1 l charge density wave (CDW) systems such as quasi-one dimensional organic conductors 2 l or layered compounds. 3 l These systems can be characterized by two natural lengths, a natural distance between atoms in the absence of an external potential and a period of the external potential. There is competition between forces that attempt to establish different natural lengths.
To discuss such systems the following sine-Gordon field is usually used,
where /1 and m 2 represent, respectively, the misfit of the above two natural lengths and the strength of the external potential. The field variable ¢ denotes displacement of atoms or phase of the CDW and L the linear size of the system. The variational calculation of (1·1) has been made by Frank and van der Merwe 4 ) to discuss the one dimensional (1-D) dislocation and recently by McMillan 5 l to discuss the C-IC phase transition of charge density wave. The variational calculation shows that the C-IC transition occurs when /1 changes with pressure or m 2 changes with temperature. However in low dimensional systems thermodynamic fluctuations are important and must not be neglected. It is necessary to compute the partition function by integrating over all configurations of the field variable.
For this one dimensional model this is performed by solving an equivalent problem, that of evaluating the eigenvalue of the Mathieu equation which is obtained by using the transfer matrix technique. 6 l~Jol In one dimensional systems with short range interactions the C-IC transition does not occur at finite temperature. The transfer matrix technique is also used to compute the partition function of the two dimensional (2-D) classical sine-Gordon system.11)~1 4 ' In this case the problem reduces to evaluating the ground state energy of a 1-D quantum sine-Gordon system. It has been known that this quantum sine-Gordon system is equivalent to the Tomonaga-Luttinger model which includes the spin and the backward scattering (one dimensional fermion system) . 15 ' Pokrovski et al., 11) Luther et al}"' and Okwamoto 13 ' have discussed the C-IC transition by using this fermion system. Takayama w also discussed the C-IC transition on the basis of the DHN 16 ' method for the 1-D quantum sine-Gordon system. On the other hand the classical sine-Gordon system is exactly transformed into the classical Coulomb gas system. This Coulomb gas system can be exactly solved at a particular temperature (which corresponds to the noninteracting state in the fermion system).
Starting from the transformation into the Coulomb gas system one of the authors (H. Y.) m has discussed the phase transitions in the same model. In that paper (hereafter referred to as I) the canonical ensemble has been used and it has been concluded that there is no C-IC transition and there occurs the first order transition between the two IC-phases. These results are quite different from those of the above authors, who have shown that there occurs the second order C-IC transition. It seems that this difference arises from the different choice of the ensemble and it is not so clear which theory is correct.
The purpose of this paper is to make clear this subtle point by investigating the relation between the 1-D classical sine-Gordon system and the Coulomb gas system. Another purpose is to rectify the results obtained in I. § 2. 1-D classical sine-Gordon system and the Coulomb gas system
In this section we will discuss the thermodynamics of the 1-D sine-Gordon system (1·1) by transforming into the Coulomb gas system. The appropriate thermodynamic variables 9 l to describe the characteristic of the sine-Gordon system are the total phase difference (2 ·1) and the natural misfit !f. which is thermodynamic conjugate to @. Two formulations can be used to describe the thermodynamics of the system; one is in terms of temperature-phase (T-@) ensemble and the other is in terms of T-p ensemble.
In § § 2.1 and 2.2 we will develop the formulation in terms of the T-!J. ensemble*' *' This is equivalent to the grand canonical ensemble for the kink number N(=@/2rr), where To avoid the ultraviolet catastrophe in the classical continuum field theory we replace the continuous field ¢ (x) by a discrete set of 1'v1 + 1 field variables and divide L into M segments of length Llx ( = L/ 1'vl). By doing this we can replace the integral in the expression (1·1) by a discrete sum over all segments and replace the derivative term by finite differences. This will give us (2·2)
Transformation into the Coulomb gas
We calculate the partition function defined as follows:
where the Dirac a-function is multiplied so that the center of mass 1s conserved.*)
We put ¢j = fJ.Lixj + ({Jj and define new variables ~j as follows:
Then the partition function becomes
We now perform the perturbation expansion in powers of m 2 to obtain Z=ZoZc, (2 · 6a)
(2· 6d)
*l This condition leads to the overall electrical neutrality in the transformed Coulomb gas system. Instead we may impose another constraint ¢,=constant. This constraint does not lead to the electrical neutrality, which makes the problem slightly complex. However the result remains unchanged if the thermodynamic limit is taken.
H. YaJnamoto and Y. Yamashita
By using the formula cos (rpJ + ,LUlxj) = L.:,ei•<~;+I'JxJ) /2 with (j = ± 1 and performing the rp1 and {;J} integrals, we obtain
where we have neglected those terms which do not satisfy the charge neutrality condition, since they have exponentially small factors e-o<TJx,,n which vanish in the thermodynamic limit. From the neutrality condition it is easy to see that the odd powers of the perturbation make no contribution, so that we have replaced l with 2l in (2 · 7). We are interested in the continuum limit Llx----+0, so we introduce
of these we obtain 2l
where rJ 1 = + 1 for 1 <j<l and -1 for l + 1 <j<2l. The last line comes from the restricted summation for {rJJ}. There are (2l) !/ (l!) 2 terms which give the same contribution in the l-th order of the perturbation series. The expression (2 · 8) is the grand partition function for 1-D Coulomb gas with an imaginary external field. Our Coulomb gas system is related to that investigated by Lenard. 18 l The difference is that we deal with an indefinite number of particles in a finite region in the coordinate space (grand canonical ensemble), whereas Lenard considers a finite number of particles in an indefinite region where the system is bounded on one side by a rigid wall and on the other by a freely movable "piston" which is pressed by pressure from outside. The aim of the following calculations is to obtain the free energy fc= -limL~= (T / L) ln Zc and the mean misfit Oc=limL~=<I]J)jL=p-ajc/ap..
Calculation of the free energy*)
Consider the Z-th order term in the perturbation senes Therefore we have the explicit algebraic formula
The sum over all configurations C is a sum over all sequences Vj satisfying con-ditions (2 ·12). Following Lenard's work 18 J we introduce the concept of an "irreducible" configuration. A configuration is called irreducible if v 1 =f=O for all j except j = 0, 2l. We note that the expression associated with the whole configuration is the product of the expressions associated with its irreducible components.
Let Qt stand for the total sum of products belonging to all irreducible configurations with 2l vertices, i.e., points with integer coordinates. With these quantities QL we can express (2 ·15) as
Here we mention the relation between the two functions R 1 and Qt in the thermodynamic limit r ( = 2/TL) ~>0. We consider two functions r 1 and qL which correspond to one configuration of v 1 sequences.
By integrating successively we obtain
where j and k are positive integers and w are complex numbers with the positive integer in the real part. {c 1 } and {dk,w} represent some numerical constants.
By substituting (2 ·18) into (2 ·17a) and (2 ·17b), we obtain in the limit r~o
which show that the value of the j-th order coefficient of q 1 is j! times as large as that of rt. By using this fact we can deduce R 1 from the combinatorial formula (2 ·16) for Qt. Since the expansion of Q1 with respect to 1/r begins from the first order, we can expand Qt 1 Q1, ···Qt. as follows:
*l This combinatorial formula is given in (27) in Lenard's paper,''l where the reader can find the detailed discussion on the derivation of this formula.
where the path of integration is a small closed loop surrounding the origin in a positive sense. In this way we get the following important combinatorial formula
for Rz
Now we consider the partition function Our whole task is to find the largest solution s=A for the equation
With this solution we will obtain the expression for the free energy It is convenient at this point to introduce two functions c<~ (z, s) by the (-) relation Q (z,s) = s-1 (G,_ <r) (z, s) +G-<r) (z, s)).
(2· 26) Following Lenard's work 18 ) we can show that these two functions can be developed into an infinite continued fraction by using the recursion formula + G<1 (z,s) =z 2 /{s+r 2 (-)2i,Zir-c<r;_+ 1 l(z,s)}. (r=1,2, ···) (2. 27)
We show that these formulas (2 · 24), (2 · 26) and (2 · 27) are related to the follow-ing differential equation: 
The differential equation (2 · 28) is just what has been obtained from the transfer matrix technique 9 >' 10 > and corresponds to the Mathieu equation for the Floquet solution with a pure imaginary Floquet exponent. The reader will find in Refs. 9) and 10) the detailed discussion on C-IC cross-over behavior on the basis of the transfer matrix technique and we will not discuss any more.
T-rlJ ensemble
In this paragraph we will make the thermodynamic description in terms of the T-rlJ ensemble. To this aim we consider the following partition function: 
If we take the continuum limit tlx~o, the function j,V(r») becomes just the grand partition function for the 1-D Coulomb gas system with a real external field and can be calculated by the same way as in the paragraph 2.2. We can obtain the formula (2· 36) where J..(riJ) 1s the eigenvalue for the differential equation This is just what we have expected from the transfer matrix technique. The reader will find in the paper by Curie et al. 8 l the discussion on the thermodynamics of the sine-Gordon field on the basis of this T-{/} ensemble or the canonical ensemble (for the kink number). Let us carry out the (I)-integral in (2 · 35c) and take the continuum limit. Then we have
II. Yamamoto and Y. Yamashita
By using the overall electrical neutrality the second term can be rewritten as In this section we will discuss the C-IC transition of the 2-D sine-Gordon field at a particular temperature. We adopt the same continuum model as that used in I, which is expressed as
In this case we must calculate 1 the following quantity to obtain ~the interaction energy between particles
where q is restricted to be 2rrl/M (l=1,2,···,M-1). The absence of q=O mode is related to the conservation of the center of mass. We note that the summation must not be replaced by the integral which leads to the absence of the square term in the interaction energy.
where c is a lattice constant and acts as a momentum cutoff. The appropriate thermodynamic variabl~s to describe the characteristic of the above system are the total phase difference
and the natural misfit 11 which is thermodynamic conjugate to (/). We will formulate in terms of the T-11 ensemble which is expected to be easier to handle than the T-(/) ensemble. Now we put
. (3·3) and substitute this into (3 ·1). Here ¢ (r) is assumed to satisfy the free boundary condition and expanded as
By doing the perturbation expansion with respect to V, we obtain the following partition function:
We note that the function G (r "' rp) depends on two coordinates r "' rp rather than on their difference only. However if we neglect the boundary effect and restrict ourselves to the interior of the system, we obtain the following expression:
where d is a numerical constant. Here we note that the cutoff procedures are used to avoid ultraviolet divergences. We will discuss a simpler method*> to lead to the above expression. Instead *> In a similar way Coleman"> has discussed the equivalence between the quantum sineGordon system and the massive Thirring model. We can make use of this method to transform the classical 1-D sine-Gordon system into the Coulomb gas system. We must note that this method is compatible with the T-tl ensemble and not with the T-<P ensemble. of (3 ·1), we consider the Hamiltonian defined by 
This shows that the C-phase is realized when 11<2z and the IC-phase when 11>2z.
This conclusion is the same as in Refs. 11) ~ 14). We note that the second order C-IC transition occurs at 11 = 2z since the second order differential of fc diverges.
Correlation function
In this paragraph we will discuss at the particular temperature T I J = 2lrr two 
This function has been calculated in I. By replacing 00 with /1 in (21) of I, we "obtain the following results for two cases (a) 11<2z and (b) f1>2z.
(a) (3 ·12) where A denotes momentum cutoff. This T 1 (r) approaches the constant value when the distance r tends to infinity, which means that the crystalline order is established m the C-phase.
This T, (r) shows the logarithmic dependence on the distance, which means that the crystalline order is destroyed in the IC-phase.
(ii) The density-density correlation function which is observed by the experiments (X-ray, neutron or electron scattering) is defined as follows:
This function is easily calculated by the same way as T 1 (r). The result is where G++ (K) and G+-(K) are defined by (21) in I. The first term of (3·15a) (--) comes from (e 2 "ih<rl)(e-2 "ih<ol) and gives the a-function peak at q=O of the Fourier component of the correlation function. 
. Summary and discussion
We have investigated the sine-Gordon field by transforming the problem into the Coulomb gas problem. The appropriate thermodynamic variables to describe the characteristic of the sine-Gordon system are the total phase difference (J) and the natural misfit ,u which is thermodynamic conjugate to ([).
In the case of the 1-D sine-Gordon field we have tried two formulations; one is in terms of T-,u ensemble and the other is in terms of T-(J) ensemble. We have calculated the free energy of the Coulomb gas system and found the same results as those obtained by the transfer matrix technique. We have shown that the thermodynamic limit L--HXJ must not be taken in obtaining the interaction energy between particles in the T-(J) ensemble. We have considered only the continuum limit. To include the lattice nature and to calculate the correlation function are left for future work.
In the 2-D sine-Gordon field we have made use of T-,u ensemble and have discussed the second order C-IC transition at a particular temperature. Two correlation functions which are, respectively, related to the displacement and the density of atoms have been calculated explicity. It has been shown that the crystalline order is established in the C-phase, while it is destroyed in the IC-phase. We have included the natural misfit 11 in the x-direction only. As far as we adopt the continuum model, it is possible to include the misfit parameters in both x-and y-directions. The rotation of the coordinate axis will reduce the problem to that solved thus far. However it will not be so simple when z is large and the lattice nature becomes important. To include the lattice nature is left for future study even at the particular temperature. In this connection we note that Takayama w has discussed the cutoff dependence of the C-IC transition line.
